Specification and Thermodynamic Properties of Topological Time-Dependent
  Dynamical Systems by Sarkooh, J. Nazarian & Ghane, F. H.
ar
X
iv
:1
71
2.
06
10
9v
2 
 [m
ath
.D
S]
  2
4 J
ul 
20
19
SPECIFICATION AND THERMODYNAMIC PROPERTIES OF
TOPOLOGICAL TIME-DEPENDENT DYNAMICAL SYSTEMS
J. NAZARIAN SARKOOH AND F. H. GHANE∗
Abstract. This paper discusses the thermodynamic properties for certain time-dependent
dynamical systems. In particular, we are interested in time-dependent dynamical systems
with the specification property. We show that each time-dependent dynamical system given
by a sequence of surjective continuous self maps of a compact metric space with the specifica-
tion property has positive topological entropy and all points are entropy point. In particular,
it is proved that these systems are topologically chaotic. We will treat the dynamics of uni-
formly Ruelle-expanding time-dependent dynamical systems on compact metric spaces and
provide some sufficient conditions that these systems have the specification property. Con-
sequently, we conclude that these systems have positive topological entropy. This extends
a result of Kawan [20], corresponding to the case when the expanding maps are smooth, to
the more general case of expanding maps. Additionally, we study the topological pressure
of time-dependent dynamical systems. We obtain conditions under which the topological
entropy and topological pressure of any continuous potential can be computed as a limit at
a definite size scale. Finally, we study the Lipschitz regularity of the topological pressure
function for expansive (uniformly Ruelle-expanding) time-dependent dynamical systems on
compact metric spaces.
1. Introduction
The time-dependent systems so-called non-autonomous, yield very flexible models than
autonomous cases for the study and description of real world processes. They may be used
to describe the evolution of a wider class of phenomena, including systems which are forced
or driven. Recently, there have been major efforts in establishing a general theory of such
systems (see [2, 19, 20, 21, 22, 23, 27, 34]), but a global theory is still out of reach. Our main
goal in this paper is to describe the topological aspects of the thermodynamic formalism for
time-dependent dynamical systems.
Thermodynamic formalism, that is the formalism of equilibrium statistical physics, was
adapted to the theory of dynamical systems in the classical works of Sinai, Ruelle and Bowen
in the 1970s [9, 30, 31, 33]. Topological pressure, topological entropy, Gibbs Measures and
equilibrium states are the fundamental notions in thermodynamic formalism. Topological
pressure is the main tool in studying dimension of invariant sets and measures for dynamical
systems in dimension theory. The notion of entropy, on the other hand, is one of the most
important objects in dynamical systems, either as a topological invariant or as a measure of
the chaoticity of dynamical systems. For uniformly hyperbolic systems Bowen [9] presented
a complete description of thermodynamic formalism, but in the non-uniformly hyperbolic
2010 Mathematics Subject Classification. 37B55; 37C60; 37C40; 37B40; 37A25.
Key words and phrases. Non-autonomous dynamical system; Topological entropy; Specification property;
Entropy point; Topological pressure; Ruelle-expanding map.
∗Corresponding author.
2 J. NAZARIAN SARKOOH AND F. H. GHANE
case a general theory of thermodynamic formalism, despite substantial progress by several
authors, is far from being complete.
In the theory of dynamical systems, topological entropy is a nonnegative extended real
number measuring the complexity of a topological dynamical system. For the autonomous
case, topological entropy was first introduced by Adler, Konhelm and McAndrew, via open
covers for continuous maps in compact topological spaces [1]. In 1970, Bowen gave another
definition in terms of separated and spanning sets for uniformly continuous maps in metric
spaces [7], and this definition is equivalent to Adlers definition for continuous maps in compact
metric spaces. Topological entropy has close relationships with many important dynamical
properties, such as chaos, Lyapunove exponents, the growth of the number of periodic points
and so on. Moreover, positive topological entropy have remarkable role in the characteriza-
tion of the dynamical behaviors; for instance, Downarowicz proved that positive topological
entropy implies chaos DC2 [14]. Thus, a lot of attention has been focused on computations
and estimations of topological entropy of an autonomous dynamical system and many good
results have been obtained [4, 5, 6, 7, 15, 16, 18, 24, 26]. In 1996, Kolyada and Snoha extended
the concept of topological entropy to time-dependent systems, based on open covers, sepa-
rated sets and spanning sets, and obtained a series of important properties of these systems
[23]. Recently, Kawan [19, 20, 21] introduced and studied the notion of metric entropy for
non-autonomous dynamical systems and showed that it is related via variational inequality
(principle) to the topological entropy as defined by Kolyada and Snoha. More precisely, for
equicontinuous topological non-autonomous dynamical systems (X1,∞, f1,∞), he proved the
variational inequality
sup
µ1,∞
hEM (f1,∞, µ1,∞) ≤ htop(f1,∞),
where htop(f1,∞) and hEM (f1,∞, µ1,∞) are the topological and metric entropy of (X1,∞, f1,∞),
the supremum is taken over all invariant measure sequences µ1,∞ and EM is Misiurewicz class
of partitions. Also, for NDSs (M,f1,∞) built from C
1 expanding maps fn on a compact
Riemannian manifold M with uniform bounds on expansion factors and derivatives that act
in the same way on the fundamental group of M , he proved the full variational principle
sup
µ1,∞
hEM (f1,∞, µ1,∞) = htop(f1,∞).
On the other hand, some authors provided conditions such that the dynamic has positive
topological entropy. Shao et al. [17] have given an estimation of lower bound of topolog-
ical entropy for coupled-expanding systems associated with transition matrices in compact
Hausdorff spaces. Rodrigues and Varandas showed that any finitely generated continuous
semigroup action on a compact metric space with the strong orbital specification property
has positive topological entropy [28]. Also they proved that if each element of the semi-
group action is local homeomorphism and semigroup enjoying the strong orbital specification
property, then every point is an entropy point. Entropy points are those that their local
neighborhoods reflect the complexity of the entire dynamical system from the viewpoint of
entropy theory.
The objective of this paper is to extend these results to time-dependent dynamical sys-
tems. We show that any time-dependent dynamical system of surjective maps with the
specification property has positive topological entropy and all points are entropy point. In
particular, these dynamical systems are topologically chaotic. Additionally, we discuss the
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thermodynamic properties of uniformly Ruelle-expanding time-dependent dynamical systems
on compact metric spaces. We provide some sufficient conditions that these kind of time de-
pendent dynamical systems having the specification property; consequently, these systems
have positive topological entropy. This extends a result of Kawan [20] which states that each
smooth expanding time-dependent system has positive topological entropy.
For the autonomous case, the definition of topological pressure by using the separated
sets was introduced by Ruelle [29]. Later, Walters [37] presented equivalent approach to
the notion of topological pressure via open covers and spanning sets. In 2008, Huang et al.
[17] extended these definitions to non-autonomous dynamical systems, by using open covers,
separated and spanning sets. Recently, Kawan introduced the notion of metric pressure
for a non-autonomous dynamical system which is related via a variational inequality to the
topological pressure of non-autonomous dynamical systems [20].
The topological pressure can be computed as the limiting complexity of the dynamical
system as the size scale approaches zero. Nevertheless, some authors imposed some condi-
tions so that the topological pressure of the system can be computed as a limit at a definite
size scale. For instance, in the context of semigroup actions, Rodrigues and Varandas showed
that the topological pressure of any continuous potential that satisfies the uniformly bounded
variation condition can be computed as a limit at a definite size scale for any finitely gener-
ated continuous semigroup action on a compact metric space having the ∗-expansive property
[28]. With the same motivation, we extend these results to time-dependent dynamical sys-
tems. More precisely, we show that the topological entropy and topological pressure of any
continuous potential can be computed as a limit at a definite size scale whenever the time-
dependent system satisfies the ∗-expansive property. Moreover, we prove a strong regularity
of the topological pressure function.
This is how the paper is organized: In Section 2, we give a precise definition of a time-
dependent dynamical system, review the main concepts and set up our notation. In Section
3, we characterize entropy points of time-dependent dynamical systems with the specifica-
tion property and show that any time-dependent system given by a sequence of surjective
continuous self maps of a compact metric space with the specification property has positive
topological entropy and all points are entropy point; in particular, this system is topolog-
ically chaotic; this means that it has positive asymptotical topological entropy. Uniformly
Ruelle-expanding time-dependent dynamical systems are discussed in Section 4. By adding
some conditions, we show that uniformly Ruelle-expanding time-dependent systems on com-
pact metric spaces possess the specification property. In Section 5, we study the topological
pressure of time-dependent systems. We introduce a special class of continuous potentials
and provide another formula to compute the topological pressure of this class of potentials.
Then, we obtain conditions under which the topological entropy and topological pressure of
any continuous potential can be computed as a limit at a definite size scale. Additionally, we
study the Lipschitz regularity of the topological pressure function for expansive (uniformly
Ruelle-expanding) time-dependent dynamical systems on compact metric spaces. Finally, in
Section 6, we provide several examples of time-dependent systems which fit in our situation.
2. Preliminaries
A time-dependent or non-autonomous dynamical system (an NDS for short), is a pair
(X1,∞, f1,∞), where X1,∞ = (Xn)
∞
n=1 is a sequence of sets and f1,∞ = (fn)
∞
n=1 is a sequence
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of maps fn : Xn → Xn+1. By (Xn,∞, fn,∞), we denote the pair of shifted sequences Xn,∞ =
(Xn+k)
∞
k=0, fn,∞ = (fn+k)
∞
k=0 and we use similar notation for other sequences associated
with an NDS. If all the sets Xn are compact metric spaces and all the fn are continuous,
we say that (X1,∞, f1,∞) is a topological NDS. Here, we assume that X is a compact metric
space with metric d, all the sets Xn are equal to the set X and we abbreviate (X1,∞, f1,∞)
by (X, f1,∞). Throughout this paper we work with topological NDSs and use NDS instead
of topological NDS for simplicity. The time evolution of the system is defined by composing
the maps fn in the obvious way. In general, we define
fnk := fk+n−1 ◦ · · · ◦ fk+1 ◦ fk for k, n ∈ N, and f
0
k := idX .
We also put f−nk := (f
n
k )
−1, which is only applied to subsets A ⊂ X. The trajectory of a
point x ∈ X is the sequence (fn1 (x))
∞
n=0.
For an NDS (X, f1,∞) on a compact metric space (X, d), the Bowen-metrics on X are
given by
(1) dk,n(x, y) := max
0≤i≤n
d(f ik(x), f
i
k(y)) for k ≥ 1 and n ≥ 0.
Also, for any k ≥ 1, n ≥ 0, x ∈ X and ǫ > 0, we define
(2) B(x, k, n, ǫ) := {y ∈ X : dk,n(x, y) < ǫ},
which is called a dynamical (n+ 1)-ball with initial time k.
Fix an NDS (X, f1,∞) and k ≥ 1. Based on [23], for the NDS (X, fk,∞), the topological
entropy htop(X, fk,∞) is defined as follows. A family A of subsets of X is called a cover (of
X) if their union is all of the space X. For open covers A1,A2, . . . ,An of X we denote
n∨
i=1
Ai = A1 ∨A2 ∨ · · · ∨ An =
{
A1 ∩A2 ∩ · · · ∩An : Ai ∈ Ai for i = 1, . . . , n
}
.
Note that
∨n
i=1Ai is also an open cover. For an open cover A we denote f
−n
i (A) =
{f−ni (A) : A ∈ A} and A
n
i =
∨n−1
j=0 f
−j
i (A). For each j, f
−j
i (A) is an open cover, so A
n
i is
also an open cover. Next, we denote by N (A) the smallest possible cardinality of a subcover
chosen from A.
Then
h(X, fk,∞,A) := lim sup
n→∞
1
n
logN (Ank)
is said to be the topological entropy of the NDS (X, fk,∞) on the cover A. The topological
entropy of the NDS (X, fk,∞) is defined by
htop(X, fk,∞) := sup{h(X, fk,∞,A) : A is a open cover of X}.
For introducing entropy points we need the following extension of the definition of topo-
logical entropy. Let Y be a nonempty subset of X. The set Y may not be compact or may
not exhibit any kind of invariance with respect to fk,∞. If A is a cover of X we denote by
A|Y the cover {A ∩ Y : A ∈ A} of the set Y . Then we define the topological entropy of the
NDS (X, fk,∞) on the set Y by
htop(Y, fk,∞) := sup{h(Y, fk,∞,A) : A is a open cover of X}
where
h(Y, fk,∞,A) := lim sup
n→∞
1
n
logN (Ank |Y ).
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Now, we consider the other definition for topological entropy of the NDS (X, fk,∞) by
using separated and spanning sets.
A subset E of the space X is called (n, ǫ; fk,∞)-separated if for any two distinct points
x, y ∈ E, dk,n(x, y) > ǫ. A set F ⊂ X (n, ǫ; fk,∞)-spans another set K ⊂ X provided
that for each x ∈ K there is y ∈ F for which dk,n(x, y) ≤ ǫ. For a subset Y of X we
define sn(Y ; fk,∞; ǫ) as the maximum cardinality of an (n, ǫ; fk,∞)-separated set in Y and
rn(Y ; fk,∞; ǫ) as the smallest cardinality of a set in Y which (n, ǫ; fk,∞)-spans Y . If Y = X
we sometime suppress Y and shortly write sn(fk,∞; ǫ) and rn(fk,∞; ǫ). Following [23] as in
the autonomous case, it can be shown that
(3) htop(Y, fk,∞) = lim
ǫ→0
lim sup
n→∞
1
n
log sn(Y ; fk,∞; ǫ) = lim
ǫ→0
lim sup
n→∞
1
n
log rn(Y ; fk,∞; ǫ).
An autonomous dynamical system (X, f) is called topologically chaotic if htop(f) > 0. But
for the non-autonomous case, we use the definition that given by Kolyada and Snoha in [23].
Let an NDS (X, f1,∞) and open cover A of X be given, then by [23, Lemma 4.5] the limit
h∗(X, f∞,A) := lim
n→∞
h(X, fn,∞,A)
exists. The quantity h∗(X, f∞,A) is said to be the asymptotical topological entropy of the
sequence f1,∞ on the cover A. Put
h∗(X, f∞) := sup
A
h∗(X, f∞,A)
where the supremum is taken over all open covers A of X. In [23], Kolyada and Snoha showed
that
h∗(X, f∞) = lim
n→∞
htop(X, fn,∞) = lim
ǫ→0
lim
n→∞
lim sup
k→∞
1
k
log sk(fn,∞; ǫ)
= lim
ǫ→0
lim
n→∞
lim sup
k→∞
1
k
log rk(fn,∞; ǫ).
The quantity h∗(X, f∞) will be said to be the asymptotical topological entropy of the
sequence f1,∞. (In the notations h
∗(X, f∞,A) and h
∗(X, f∞) we use the symbol f∞ instead
of more precise f1,∞, because these quantities do not depend on whether we consider f1,∞ or
fi,∞ for some i ∈ N.)
Definition 2.1 (Topologically chaotic). An NDS (X, f1,∞) is said to be topologically chaotic
if it has positive asymptotical topological entropy, i.e. h∗(X, f∞) > 0.
3. Specification property and topological entropy
The notion of entropy is one of the most important objects in dynamical systems, either
as a topological invariant or as a measure of complexity of the dynamics. Several notions of
entropy had been introduced for dynamical systems in an attempt to describe its dynamical
characteristics. In this section, we characterize entropy points of NDSs with the specification
property and show that any NDS of surjective maps enjoying the specification property has
positive topological entropy and all points are entropy point (Theorems 3.5 and 3.7). In
particular, it is topologically chaotic (Corollary 3.9).
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3.1. Specification property and entropy points. The notion of entropy point for finitely
generated pseudogroup actions and finitely generated group actions was introduced, respec-
tively, by Bi´s [3] and Rodrigues and Varandas [28]. A finitely generated pseudogroup actions
(group actions) (G,G1) with generator set G1 acting on a compact metric space X admits an
entropy point x0 if for every open neighbourhood U of x0 the equality htop((G,G1), cl(U)) =
htop((G,G1),X) holds. Note that, entropy points are those for which local neighborhoods
reflect the complexity of the entire dynamical system in the context of topological entropy.
Now, we extend the notion of entropy point to NDSs.
Definition 3.1 (Entropy point). An NDS (X, f1,∞) admits an entropy point x0 if for any
open neighbourhood U of x0 the equality htop(cl(U), f1,∞) = htop(X, f1,∞) holds.
Bi´s in [3, Theorem 2.5 and Corollary 2.6] proved remarkably that any finitely generated
pseudogroup (G,G1) acting on a compact metric space admits an entropy point. As a direct
consequence of the proof of [3, Theorem 2.5], we have the following proposition (note that
the proof of [3, Theorem 2.5] does not require invertibility).
Proposition 3.2. Every NDS (X, f1,∞) admits an entropy point.
The notion of specification property for a continuous map on a compact metric space X was
introduced by Bowen [8]. A continuous self-map f acting on a compact metric space (X, d)
satisfies the specification property if for any ǫ > 0 there exists a positive integer N = N(ǫ)
such that the following holds: for any integer s ≥ 2, any s points x1, x2, . . . , xs ∈ X and
any sequence of integers 1 = j1 ≤ k1 < j2 ≤ k2 < · · · < js ≤ ks with jn − kn−1 ≥ N for
n = 2, . . . , s, there is a point x ∈ X such that
d
(
f jm+i−1(x), f i(xm)
)
≤ ǫ for all 0 ≤ i ≤ km − jm and 1 ≤ m ≤ s.
Specification property means that pieces of orbits of f can be ǫ-shadowed by an individual
orbit provided that the time lag between each shadowing is any prefixed time larger than
N(ǫ). In the following definition we give a notion of specification property to NDSs that
extends the above definition.
Definition 3.3 (Specification property). An NDS (X, f1,∞) has the specification property
if for any ǫ > 0 there is a positive integer N = N(ǫ) such that the following holds: for any
integer s ≥ 2, any s points x1, x2, . . . , xs ∈ X and any sequence of integers 1 = j1 ≤ k1 <
j2 ≤ k2 < · · · < js ≤ ks with jn− kn−1 ≥ N for n = 2, . . . , s, there is a point x ∈ X such that
(4) d
(
f jm+i−11 (x), f
i
jm(xm)
)
≤ ǫ for all 0 ≤ i ≤ km − jm and 1 ≤ m ≤ s.
Remark 3.4. Note that, if (X, f1,∞) is an NDS of surjective maps on a compact metric
space (X, d), then condition (4) can be replaced with
(5) d
(
f i1(x), f
i
1(xm)
)
≤ ǫ for all jm − 1 ≤ i ≤ km − 1 and 1 ≤ m ≤ s,
because we can substitute the point xm with some point of {f
1−jm
1 (xm)} for every 1 ≤ m ≤ s.
Hence, for simplicity, in the context of NDSs of surjective maps, we use the condition (5)
instead of (4).
In what follows, we show that the specification property for NDSs is a sufficient condition
for that all points are entropy point. Moreover, it yields the stronger that local complexity
coincides with h∗(X, f∞). More precisely, we have the following theorem.
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Theorem 3.5. Let (X, f1,∞) be an NDS of surjective maps on a compact metric space X
without any isolated point. If the NDS (X, f1,∞) satisfies the specification property, then
any point of X is an entropy point and htop(X, f1,∞) = htop(X, fk,∞) for every k ≥ 1. In
particular, htop(X, f1,∞) = h
∗(X, f∞).
Proof. By [23, Lemma 4.5] we have htop(X, f1,∞) ≤ htop(X, fk,∞) for all k ≥ 1. Also, by
relation (3) we know that
htop(X, fk,∞) = lim
ǫ→0
lim sup
n→∞
1
n
log sn(fk,∞; ǫ).
For any z ∈ X and any open neighborhood V of z we show that htop(cl(V ), f1,∞) =
htop(X, f1,∞). Let k ≥ 1 and define Wǫ := {y ∈ V : d(y, ∂V ) >
ǫ
4
} for ǫ > 0. Now, fix ǫ > 0
such that the open set Wǫ be nonempty. Assume that
• N( ǫ4 ) ≥ 1 is given by the specification property;
• E := {w1, w2, . . . , wl} ⊆ X is a maximal (n, ǫ; fN( ǫ
4
)+(k+1),∞)-separated set;
• E′ = {w′1, w
′
2, . . . , w
′
l} ⊆ X is a preimage set of E under f
N( ǫ
4
)+k
1 , i.e. f
N( ǫ
4
)+k
1 (w
′
i) =
wi for 1 ≤ i ≤ l;
• y ∈Wǫ is an arbitrary point (Wǫ 6= ∅, because X does not have any isolated point).
Let j1 = k1 = 1, j2 = N(
ǫ
4 ) + k + 1 and k2 = N(
ǫ
4 ) + k + n + 1. By the definition of
specification property for each w′i ∈ E
′ by taking x1 = y and x2 = w
′
i, there exists yi ∈ B(y,
ǫ
4 )
such that f
N( ǫ
4
)+k
1 (yi) ∈ B(f
N( ǫ
4
)+k
1 (w
′
i), N(
ǫ
4 ) + (k + 1), n,
ǫ
4) = B(wi, N(
ǫ
4 ) + (k + 1), n,
ǫ
4).
Since E := {w1, w2, . . . , wl} ⊆ X is a maximal (n, ǫ; fN( ǫ
4
)+(k+1),∞)-separated set, then the
set {yi}li=1 ⊆ cl(V ) is an (N(
ǫ
4 ) + k + n,
ǫ
2 ; f1,∞)-separated set. So
sN( ǫ
4
)+k+n(cl(V ); f1,∞;
ǫ
2) ≥ sn(fN( ǫ4 )+(k+1),∞; ǫ).
Thus, we have
htop(cl(V ), f1,∞) ≥ lim sup
n→∞
1
N( ǫ4) + k + n
log sN( ǫ
4
)+k+n(cl(V ); f1,∞;
ǫ
2
)
≥ lim sup
n→∞
1
N( ǫ4) + k + n
log sn(fN( ǫ
4
)+(k+1),∞; ǫ)
= lim sup
n→∞
1
n
log sn(fN( ǫ
4
)+(k+1),∞; ǫ).
This implies that
htop(X, f1,∞) ≥ htop(cl(V ), f1,∞) ≥ htop(X, fN( ǫ
4
)+(k+1),∞) ≥ htop(X, f1,∞).(6)
Hence we have htop(cl(V ), f1,∞) = htop(X, f1,∞), i.e. z is an entropy point. Since z ∈ X was
arbitrary, it follows that every point of X is an entropy point.
On the other hand, since k ≥ 1 was arbitrary and htop(X, f1,∞) ≤ htop(X, fk,∞), the
relation (6) implies that htop(X, f1,∞) = htop(X, fk,∞) for every k ≥ 1. Consequently,
htop(X, f1,∞) = h
∗(X, f∞) which completes the proof of the theorem. 
As an application of Theorem 3.5, the following corollary is a criterion under which an
NDS does not have the specification property.
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Corollary 3.6. Let (X, f1,∞) be an NDS of surjective maps on a compact metric space X
without any isolated point. If h∗(X, f∞) > htop(X, f1,∞) or htop(X, fi,∞) > htop(X, fj,∞) for
some i > j ≥ 1, then NDS (X, f1,∞) does not have the specification property.
3.2. Specification property and positive topological entropy. In this subsection we
show that any NDS of surjective maps with the specification property has positive topological
entropy. In the other words, the specification property is enough to guarantee that any NDS
of surjective maps has positive topological entropy. Moreover, we prove that any NDS of
surjective maps with the specification property is topologically chaotic.
Theorem 3.7. Let (X, f1,∞) be an NDS of surjective maps on a compact metric spase X
without any isolated point. If the NDS (X, f1,∞) satisfies the specification property, then it
has positive topological entropy, i.e. htop(X, f1,∞) > 0.
Proof. By relation (3) we know that
htop(X, f1,∞) = lim
ǫ→0
lim sup
n→∞
1
n
log sn(f1,∞; ǫ)
where the limit can be replaced by supǫ>0. Hence, it is enough to prove that there exists
ǫ > 0 small so that
lim sup
n→∞
1
n
log sn(f1,∞; ǫ) > 0.
Let ǫ > 0 be small and fixed so that there are at least two distinct 2ǫ-separated points
x1, y1 ∈ X, i.e. d(x1, y1) > 2ǫ (note that X has no any isolated point). Take N(
ǫ
2 ) ≥ 1 given
by the specification property. Moreover, take j1 = k1 = 1, j2 = k2 = N(
ǫ
2) + 1 and consider
preimages x2 of x1 and y2 of y1 under f
N( ǫ
2
)
1 , i.e. f
N( ǫ
2
)
1 (x2) = x1 and f
N( ǫ
2
)
1 (y2) = y1. By
applying the specification property for pairs (x1, x2), (x1, y2), (y1, x2) and (y1, y2) there are
points x1,i ∈ B(x1,
ǫ
2) and y1,i ∈ B(y1,
ǫ
2), for i = 1, 2, such that
f
N( ǫ
2
)
1 (x1,1), f
N( ǫ
2
)
1 (y1,2) ∈ B(f
N( ǫ
2
)
1 (x2),
ǫ
2) = B(x1,
ǫ
2),
f
N( ǫ
2
)
1 (x1,2), f
N( ǫ
2
)
1 (y1,1) ∈ B(f
N( ǫ
2
)
1 (y2),
ǫ
2) = B(y1,
ǫ
2).
It is clear that the set {x1,1, x1,2, y1,1, y1,2} is (N(
ǫ
2 ), ǫ; f1,∞)-separated. In particular, it
follows that sN( ǫ
2
)(f1,∞; ǫ) ≥ 2
2.
Next, we take j3 = k3 = 2N(
ǫ
2 ) + 1 and consider preimages x3 of x1 and y3 of y1 under
f
2N( ǫ
2
)
1 , i.e. f
2N( ǫ
2
)
1 (x3) = x1 and f
2N( ǫ
2
)
1 (y3) = y1. By applying the specification property for
triples (x1, x2, x3), (x1, x2, y3), (x1, y2, x3), (x1, y2, y3), (y1, y2, y3), (y1, y2, x3), (y1, x2, y3) and
(y1, x2, x3), there are the points x1,j ∈ B(x1,
ǫ
2) and y1,j ∈ B(y1,
ǫ
2), j = 1, . . . , 4, for which
the following hold:
- f
N( ǫ
2
)
1 (x1,1), f
2N( ǫ
2
)
1 (x1,1) ∈ B(x1,
ǫ
2), f
N( ǫ
2
)
1 (x1,4), and f
2N( ǫ
2
)
1 (x1,4) ∈ B(y1,
ǫ
2);
- f
N( ǫ
2
)
1 (x1,2) ∈ B(x1,
ǫ
2), and f
2N( ǫ
2
)
1 (x1,2) ∈ B(y1,
ǫ
2);
- f
N( ǫ
2
)
1 (x1,3) ∈ B(y1,
ǫ
2 ), and f
2N( ǫ
2
)
1 (x1,3) ∈ B(x1,
ǫ
2);
- f
N( ǫ
2
)
1 (y1,1), f
2N( ǫ
2
)
1 (y1,1) ∈ B(y1,
ǫ
2), f
N( ǫ
2
)
1 (y1,4), and f
2N( ǫ
2
)
1 (y1,4) ∈ B(x1,
ǫ
2);
- f
N( ǫ
2
)
1 (y1,2) ∈ B(y1,
ǫ
2) and f
2N( ǫ
2
)
1 (y1,2) ∈ B(x1,
ǫ
2);
- f
N( ǫ
2
)
1 (y1,3) ∈ B(x1,
ǫ
2 ) and f
2N( ǫ
2
)
1 (y1,3) ∈ B(y1,
ǫ
2).
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It is clear that the set {x1,1, x1,2, x1,3, x1,4, y1,1, y1,2, y1,3, y1,4} is (2N(
ǫ
2 ), ǫ; f1,∞)-separated.
In particular, it follows that s2N( ǫ
2
)(f1,∞; ǫ) ≥ 2
3.
Now, let n = dN( ǫ2 ) + 1 where d ∈ N. Take j1 = k1 = 1, j2 = k2 = N(
ǫ
2 ) + 1, j3 = k3 =
2N( ǫ2 ) + 1, . . . , jd = kd = (d− 1)N(
ǫ
2 ) + 1, jd+1 = kd+1 = dN(
ǫ
2 ) + 1 and consider preimages
xi of x1 and yi of y1 under f
(i−1)N( ǫ
2
)
1 for i = 2, . . . , d + 1, i.e. f
(i−1)N( ǫ
2
)
1 (xi) = x1 and
f
(i−1)N( ǫ
2
)
1 (yi) = y1. By repeating the previous reasoning for (d + 1)-tuples in which the ith
component choosing from the set {xi, yi}, it follows that sdN( ǫ
2
)(f1,∞; ǫ) ≥ 2
d+1. Thus,
lim sup
n→∞
1
n
log sn(f1,∞; ǫ) ≥ lim sup
d→∞
1
dN( ǫ2 )
log sdN( ǫ
2
)(f1,∞; ǫ)
≥ lim sup
d→∞
1
dN( ǫ2 )
log 2d+1 =
log 2
N( ǫ2 )
.
This proves that the topological entropy is positive and finishes the proof of the theorem. 
The following corollary is an immediate consequence of Theorem 3.7 and Theorem 3.5,
that is a criterion under which an NDS does not have the specification property.
Corollary 3.8. Let (X, f1,∞) be an NDS of surjective maps on a compact metric space X
without any isolated point. If htop(X, fi,∞) = 0 for some i ≥ 1, then the NDS (X, f1,∞) does
not have the specification property.
As a direct consequence of Theorem 3.7 and [23, Lemma 4.5] we have the next corollary
which says that every NDS of surjective maps on a compact metric space with the specification
property is topologically chaotic.
Corollary 3.9. Let (X, f1,∞) be an NDS of surjective maps on a compact metric space X
without any isolated point. If the NDS (X, f1,∞) satisfies the specification property, then it
has positive asymptotical topological entropy. In particular, it is topologically chaotic.
As we have seen before, for NDSs of surjective maps on a compact metric space with the
specification property, local neighborhoods reflect the complexity of the entire dynamical
system from the viewpoint of entropy theory and asymptotical topological entropy. Also, by
Theorem 3.7, every NDS of surjective maps on a compact metric space with the specification
property has positive topological entropy. Thus, by Theorem 3.5, for NDSs of surjective maps
on a compact metric space with the specification property, local neighborhoods have positive
topological entropy. More precisely, we have the following corollary.
Corollary 3.10. Let (X, f1,∞) be an NDS of surjective maps on a compact metric space
X without any isolated point. If the NDS (X, f1,∞) satisfies the specification property, then
htop(cl(U), f1,∞) > 0 for any x ∈ X and any open neighborhood U of x.
4. Ruelle-expanding NDSs
The main aim of this section is to introduce a special class of NDSs having the specification
property. More precisely, we introduce uniformly Ruelle-expanding NDSs and provide some
sufficient conditions that these systems have the specification property.
Definition 4.1 (Ruelle-expanding map). Based on [32], we say that a continuous onto trans-
formation f : X → X on a compact metric space (X, d) is a Ruelle-expanding map if it is
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both open and expanding. Recall that f is said to be an expanding map if there exist con-
stants σ > 1 and ρ > 0 such that for every p ∈ X the image of the ball B(p, ρ) contains a
neighborhood of the closure of B(f(p), ρ) and
(7) d(f(x), f(y)) ≥ σd(x, y) for every x, y ∈ B(p, ρ).
Let f : X → X be a Ruelle-expanding map on a compact metric space (X, d). Based on
[35], the restriction of f to each ball B(p, ρ) of radius ρ is injective and its image contains the
closure of B(f(p), ρ). Thus, the restriction to B(p, ρ)∩ f−1(B(f(p), ρ)) is a homeomorphism
onto B(f(p), ρ). We denote by
hp : B(f(p), ρ)→ B(p, ρ)
its inverse and call it inverse branch of f at p. It is clear that hp(f(p)) = p and f ◦ hp = id.
The condition (7) implies that hp is a σ
−1-contraction:
d(hp(z), hp(w)) ≤ σ
−1d(z, w) for every z, w ∈ B(f(p), ρ).
The factors σ and ρ will be called the expansion factor and injectivity constant of the Ruelle-
expanding map f , respectively.
Note that, one-sided Markov subshifts of finite type, determined by aperiodic square ma-
trices with entries in {0, 1}, and C1 expanding maps on compact manifolds are examples of
Ruelle-expanding maps. Moreover, if the domain of a Ruelle-expanding map is connected,
then it is topologically mixing and topologically exact, see [35, 32].
Now, we introduce a certain class of NDSs that will be studied in the present section.
Definition 4.2 (Uniformly Ruelle-expanding NDS). Let (X, f1,∞) be an NDS of Ruelle-
expanding maps fn with expansion factors σn and injectivity constants ρn. We say that the
NDS (X, f1,∞) is a uniformly Ruelle-expanding NDS if there exist constants σ > 1 and ρ > 0
such that σn > σ and ρn > ρ for every n ≥ 1. The factors σ and ρ will be called uniform
expansion factor and uniform injectivity constant of the uniformly Ruelle-expanding NDS
(X, f1,∞), respectively.
In what follows, we consider a uniformly Ruelle-expanding NDS (X, f1,∞) with uniform
expansion factor σ and injectivity constant ρ. By definition, for every i, the restriction of fi
to each ball B(x, ρ) of radius ρ is injective and its image contains the closure of B(fi(x), ρ).
Thus, the restriction fi to B(x, ρ) ∩ f
−1
i (B(fi(x), ρ)) is a homeomorphism onto B(fi(x), ρ),
we denote by
hi,x : B(fi(x), ρ)→ B(x, ρ)
the inverse branch of fi at x. It is clear that hi,x(fi(x)) = x and fi ◦ hi,x = id. By the above
statements hi,x is a σ
−1-contraction:
(8) d(hi,x(z), hi,x(w)) ≤ σ
−1d(z, w) for every z, w ∈ B(fi(x), ρ).
More generally, for any k, n ≥ 1, we call the inverse branch of fnk at x the composition
hnk,x := hk,x ◦ hk+1,f1
k
(x) ◦ hk+2,f2
k
(x) ◦ · · · ◦ hk+n−1,fn−1
k
(x) : B(f
n
k (x), ρ)→ B(x, ρ).
Observe that hnk,x(f
n
k (x)) = x and f
n
k ◦ h
n
k,x = id. Moreover, for each 0 ≤ j ≤ n we have
f jk ◦ h
n
k,x = h
n−j
k+j,fj
k
(x)
and hn−j
k+j,fj
k
(x)
: B(fnk (x), ρ)→ B(f
j
k(x), ρ).
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Hence,
(9) d(f jk ◦ h
n
k,x(z), f
j
k ◦ h
n
k,x(w)) ≤ σ
j−nd(z, w)
for every z, w ∈ B(fnk (x), ρ) and every 0 ≤ j ≤ n.
In the rest of this section, we provide some sufficient conditions that uniformly Ruelle-
expanding NDSs on compact metric spaces satisfy the specification property. Thus, by The-
orems 3.7 and 3.5, any uniformly Ruelle-expanding NDS with these conditions on a compact
metric space has positive topological entropy and all points are entropy point; in particu-
lar, this system is topologically chaotic. We mention that our result about the positivity of
topological entropy extends the already result known by [20]. In [20] the author considers
uniformly expanding NDSs built from C2 expanding maps on a compact Riemannian man-
ifold M with uniform bounds on expansion factors and derivatives; however, in this article,
we consider the topological version of uniformly expanding NDSs.
4.1. Specification and topologically exact property. Our aim of this subsection is to
prove that any uniformly Ruelle-expanding NDS with the topologically exact property enjoys
the specification property (Theorem 4.5 ). We need the following auxiliary lemma in the proof
of Theorem 4.5 below.
Lemma 4.3. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS with uniform expansion
factor σ and injectivity constant ρ. Then for every x ∈ X, k ∈ N, n ≥ 0 and 0 < ǫ ≤ ρ
we have fnk (B(x, k, n, ǫ)) = B(f
n
k (x), ǫ), where B(x, k, n, ǫ) is the dynamical (n+ 1)-ball with
initial time k around x of radius ǫ given by (2).
Proof. Let B(x, k, n, ǫ) be a dynamical (n+1)-ball with initial time k around x. We prove that
fnk (B(x, k, n, ǫ)) = B(f
n
k (x), ǫ). The inclusion f
n
k (B(x, k, n, ǫ)) ⊆ B(f
n
k (x), ǫ) is an immediate
consequence of the definition of dynamical ball. To prove the converse, consider the inverse
branch hnk,x : B(f
n
k (x), ρ) → B(x, ρ). Given any y ∈ B(f
n
k (x), ǫ), let z = h
n
k,x(y). Then,
fnk (z) = y and, by relation (9) we have
d(f jk(z), f
j
k(x)) ≤ σ
j−nd(fnk (z), f
n
k (x)) ≤ d(y, f
n
k (x)) < ǫ
for every 0 ≤ j ≤ n. This shows that z ∈ B(x, k, n, ǫ) and finishes the proof of the lemma. 
Definition 4.4 (Topologically exact property). An NDS (X, f1,∞) has the topologically
exact property if for any δ > 0 there is N = N(δ) ∈ N so that fnk (B(x, δ)) = X for every
x ∈ X, k ≥ 1 and n ≥ N .
Theorem 4.5. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS on a compact metric
space X with uniform expansion factor σ and injectivity constant ρ. If the NDS (X, f1,∞)
satisfies the topologically exact property, then it has the specification property.
Proof. The proof of the theorem can be followed from the topologically exact property and
the previous lemma. Fix δ > 0, without loss of generality we assume that δ < ρ. Let
N = N(δ) be given by the topologically exact property. Now, suppose that the points
x1, x2, . . . , xs ∈ X with s ≥ 2 and a sequence 1 = j1 ≤ k1 < j2 ≤ k2 < · · · < js ≤ ks of
integers with jn − kn−1 ≥ N for n = 2, . . . , s are given. By Lemma 4.3 we have
(10) fki−jiji
(
B(f ji−11 (xi), ji, ki − ji, δ)
)
= B(fki−jiji (f
ji−1
1 (xi)), δ) for 1 ≤ i ≤ s
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and by the topologically exact property we have
(11) f
ji+1−ki
ki
(
B(fki−jiji (f
ji−1
1 (xi)), δ)
)
= X for i = 1, . . . , s− 1.
Equations (10) and (11) implies that for given x¯s ∈ B(f
js−1
1 (xs), js, ks − js, δ), one has
x¯s = f
js−ks−1
ks−1
(x˜s−1), with x˜s−1 ∈ B(f
ks−1−js−1
js−1
(f
js−1−1
1 (xs−1)), δ), and then x¯s = f
js−ks−1
ks−1
◦
f
ks−1−js−1
js−1
(x¯s−1), for some x¯s−1 ∈ B(f
js−1−1
1 (xs−1), js−1, ks−1 − js−1, δ). By induction, there
exists x¯1 ∈ B(f
j1−1
1 (x1), j1, k1 − j1, δ), such that
(12) x¯i = f
ji−ki−1
ki−1
◦ f
ki−1−ji−1
ji−1
◦ · · · ◦ f j2−k1k1 ◦ f
k1−j1
j1
(x¯1) for i = 2, . . . , s.
Now, by equation (12) it is enough to take x = x¯1, then x satisfies the definition of specifi-
cation property. 
This theorem is related to [28, Theorem 16] which deals with C1 expanding maps. As a
direct consequence of Theorems 4.5, 3.7, 3.5 and Corollary 3.9 one can conclude the following
corollary.
Corollary 4.6. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS on a compact metric
space X. If the NDS (X, f1,∞) satisfies the topologically exact property, then it has positive
topological entropy and all points are entropy point. In particular, it is topologically chaotic.
In the following proposition we introduce a spacial class of uniformly Ruelle-expanding
NDSs with the topologically exact property, and so they satisfy the specification property.
An NDS (X, f1,∞) is said to be eventually periodic if fℓ+k+n = fℓ+n for some k, ℓ ≥ 1 and
every n ≥ 1.
Proposition 4.7. Every eventually periodic uniformly Ruelle-expanding NDS on a compact
connected metric space has the topologically exact property, and so it satisfies the specification
property.
Proof. Let (X, f1,∞) be a eventually periodic uniformly Ruelle-expanding NDS on a compact
connected metric space X, i.e. fℓ+k+n = fℓ+n for some k, ℓ ≥ 1 and every n ≥ 1. Then, by
uniform continuity, it is not hard to see that the finite composition g := fkℓ+1 = fℓ+k ◦ · · · ◦
fℓ+2 ◦ fℓ+1 is also Ruelle-expanding. Indeed, g is Ruelle-expanding with expansion factor σg
and injectivity constant ρg, where
σg = min
ℓ+1≤i≤ℓ+k
{σi} and ρg = min
ℓ+1≤i≤ℓ+k
{ρi}
and σi, ρi are the expansion factor and injectivity constant of Ruelle-expanding map fi,
respectively, see [10, Lemma 6.6] for more details. On the other hand, by [35, Corollary
11.2.16], each Ruelle-expanding map on a compact connected metric space is topologically
exact. Hence, Ruelle-expanding map g is topologically exact, i.e. for any δ > 0 there is
Ng,δ ≥ 1 such that g
n(B(x, δ)) = X for every x ∈ X and every n ≥ Ng,δ. So the eventually
periodic uniformly Ruelle-expanding NDS (X, f1,∞) satisfies the topologically exact property;
for any δ > 0, it is enough to take Nδ = kNg,δ+ℓ. Now, by the approach used in Theorem 4.5,
we deduce that the eventually periodic uniformly Ruelle-expanding NDS (X, f1,∞) satisfies
the specification property. 
Remark 4.8. Let M be a compact Riemannian manifold and f : M → M be a C1 local
diffeomorphism, then f is said to be C1-expanding if there exist σ > 1 and some Riemannian
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metric onM such that ‖Df(x)v‖ ≥ σ‖v‖, for every x ∈M and every vector v tangent toM at
the point x. On the other hand, every C1-expanding map on a manifold is Ruelle-expanding,
see [35, Example 11.2.1]. Now, let (M,f1,∞) be a uniformly expanding NDS composed of C
1-
expanding local diffeomorphisms on a compact connected Riemannian manifold M . Then, by
applying the approach used in [28, Lemma 18] or [35, Lemma 11.1.13], it follows that the NDS
(M,f1,∞) has the topologically exact property; hence, it satisfies the specification property.
4.2. Specification and topologically mixing property. In this subsection we prove that
any uniformly Ruelle-expanding NDS enjoys the shadowing property (Proposition 4.12). Us-
ing this fact, we show that every uniformly Ruelle-expanding NDSs with the topologically
mixing property satisfy the specification property (Theorem 4.14).
Definition 4.9 (Shadowing property). Fix an NDS (X, f1,∞), then
• a finite or an infinite sequence {x1, x2, x3, . . .} ⊆ X is called a δ-pseudo orbit for
some δ > 0, if d(fi(xi), xi+1) < δ, for all i ≥ 1.
• NDS (X, f1,∞) has the shadowing property if for every ǫ > 0 there exists δ = δ(ǫ) > 0
such that for every δ-pseudo orbit {x1, x2, x3, . . .} there exists x ∈ X such that for
all i ≥ 1, d(f i−11 (x), xi) < ǫ. In this case we say that the point x ∈ X shadows the
sequence {x1, x2, x3, . . .}.
Definition 4.10 (Expansivity). An NDS (X, f1,∞) is called expansive if there exists δ > 0
(called expansivity constant) such that for any x, y ∈ X with x 6= y, d(fn1 (x), f
n
1 (y)) > δ for
some n ≥ 1. Equivalently, if for x, y ∈ X, d(fn1 (x), f
n
1 (y)) ≤ δ for all n ≥ 0, then x = y.
Lemma 4.11. Every uniformly Ruelle-expanding NDS is expansive.
Proof. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS with uniform expansion factor σ
and injectivity constant ρ. Assume that d(fn1 (x), f
n
1 (y)) ≤ ρ for every n ≥ 0. This implies
that x = hn1,y(f
n
1 (x)) for every n ≥ 0. Then, the relation (9) gives that
d(x, y) ≤ σ−nd(fn1 (x), f
n
1 (y)) ≤ σ
−nρ.
Making n → ∞, we get that x = y. So, ρ is a constant of expansivity for uniformly Ruelle-
expanding NDS (X, f1,∞). 
It is clear that every orbit is a δ-pseudo orbit, for every δ > 0. For uniformly Ruelle-
expanding NDSs we have a kind of converse: every pseudo-orbit is uniformly close to (we say
that it is shadowed by) some true orbit of the NDS, see Proposition 4.12.
At the same time, Castro, Rodrigues and Varandas assert that ([11, Lemma 4.2] and
[12, Lemma 3.1]) each sequence of Ruelle-expanding maps fn : Xn → Xn+1 on complete
(or locally compact) metric spaces Xn with a uniform contraction rates (along the inverse
branches) satisfies the Lipschitz shadowing and shadowing properties; however, we have not
found any proof. Here, for completion, we give a proof for shadowing property of uniformly
Ruelle-expanding NDSs.
Proposition 4.12. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS with uniform expan-
sion factor σ and injectivity constant ρ. Then, the NDS (X, f1,∞) satisfies the shadowing
property. If in the definition of shadowing property ǫ is small enough, so that 2ǫ is a constant
of expansivity for the NDS (X, f1,∞), then the point x is unique.
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Proof. Let ǫ > 0 be given, without loss of generality we assume that ǫ < ρ. Fix δ = δ(ǫ) > 0
so that σ−1ǫ + δ < ǫ. Consider a δ-pseudo orbit {x1, x2, x3, . . .} ⊆ X. For each n ≥ 1, let
hn,xn : B(fn(xn), ρ) → B(xn, ρ) be the inverse branch of fn at xn. The relation (8) ensures
that
(13) hn,xn(cl(B(fn(xn), ǫ))) ⊆ cl(B(xn, σ
−1ǫ)) for every n ≥ 1.
Since d(xn, fn−1(xn−1)) < δ and σ
−1ǫ+ δ < ǫ, it follows that
(14) hn,xn(cl(B(fn(xn), ǫ))) ⊆ cl(B(fn−1(xn−1), ǫ)) for every n ≥ 1,
because for z ∈ hn,xn(cl(B(fn(xn), ǫ))) we have
d(z, fn−1(xn−1)) ≤ d(z, xn) + d(xn, fn−1(xn−1)) ≤ σ
−1ǫ+ δ < ǫ.
We may consider the composition hn = h1,x1 ◦ · · · ◦ hn−1,xn−1 ◦ hn,xn of inverse branches,
then by (14), the compact subsets Kn := h
n(cl(B(fn(xn), ǫ))) are nested. Take x in the
intersection. For every n ≥ 1, we have that x ∈ Kn and so f
n−1
1 (x) belongs to
fn−11 (Kn) = f
n−1
1 ◦ h
n(cl(B(fn(xn), ǫ))) = hn,xn(cl(B(fn(xn), ǫ))).
By this fact and (13), one has that d(fn−11 (x), xn) ≤ σ
−1ǫ < ǫ for every n ≥ 1. Consequently,
the NDS (X, f1,∞) satisfies the shadowing property.
Now, let ǫ be small enough, so that 2ǫ is a constant of expansivity for NDS (X, f1,∞). If
x′ is another point as in the conclusion of the proposition, then
d(fn−11 (x), f
n−1
1 (x
′)) ≤ d(fn−11 (x), xn) + d(xn, f
n−1
1 (x
′)) < 2ǫ for every n ≥ 1.
Since 2ǫ is a constant of expansivity for NDS (X, f1,∞), it follows that x = x
′. This finishes
the proof of the theorem. 
Definition 4.13 (Topologically mixing property). An NDS (X, f1,∞) has the topologically
mixing property if for any two non-empty open sets U, V ⊆ X there exists N ≥ 1 so that
fnk (U) ∩ V 6= ∅ for every n ≥ N and k ≥ 1.
Note that in [25], the authors introduced some kind of specification for NDSs, the so-called
specification property on the iterative way, which differs from Definition 3.3 in general, and
deduced that topologically mixing property and shadowing imply the specification property
on the iterative way [25, Theorem 2.2]. In the case that (X, f1,∞) is an NDS of surjective
maps on a compact metric space X, these two kinds of the specification property are the
same. The next theorem is a counterpart of [25, Theorem 2.2] to our setting.
Theorem 4.14. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS on a compact metric
space X. If the NDS (X, f1,∞) satisfies the topologically mixing property, then it has the
specification property.
As a direct consequence of Theorems 4.14, 3.7, 3.5 and Corollary 3.9 one can conclude the
following corollary.
Corollary 4.15. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS on a compact metric
space X. If the NDS (X, f1,∞) satisfies the topologically mixing property, then it has positive
topological entropy and all points are entropy point. In particular, it is topologically chaotic.
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Remark 4.16. Note that uniformly Ruelle-expanding NDSs with the topologically exact prop-
erty satisfy the topologically mixing property. Hence, Theorem 4.5 is a direct consequence of
Theorem 4.14. But we have given the proof, because its approach is necessary in some appli-
cations, see Section 6.
5. Topological pressure
For NDSs, the notion of topological pressure was introduced by Huang et al. [17] and Kawan
[20]. Based on [17], one can define the topological pressure of an NDS (X, f1,∞) analogously
to the topological pressure of an autonomous dynamical system (X, f), for example, see [36].
Indeed, for f1 = f2 = · · · = f we get the classical definition.
Fix an NDS (X, f1,∞) and let C(X,R) be the space of real-valued continuous functions of
X. For ψ ∈ C(X,R) and i, n ∈ N, denote Σn−1j=0ψ(f
j
i (x)) by Si,nψ(x). Also, for subset U of
X, put Si,nψ(U) := supx∈U Si,nψ(x).
Definition 5.1 (Topological pressure). Following [17], the topological pressure of an NDS
(X, f1,∞) with respect to any continuous potential ψ ∈ C(X,R) defined by
Ptop(f1,∞, ψ) := lim
ǫ→0
lim sup
n→∞
1
n
logPn(f1,∞, ψ, ǫ),
where
Pn(f1,∞, ψ, ǫ) := sup
{∑
x∈E
eS1,nψ(x) : E is an (n, ǫ; f1,∞)-separated set for X
}
.
Note that, Ptop(f1,∞, ψ) exists but could be ∞. Moreover, the topological pressure can
also be defined in terms of spanning sets and sequences of open covers. For the sake of
completeness, given ǫ > 0, take
Qn(f1,∞, ψ, ǫ) := inf
{∑
x∈F
eS1,nψ(x) : F is an (n, ǫ; f1,∞)-spanning set for X
}
.
Also, let A be an open cover of X. Put
qn(f1,∞, ψ,A) := inf
{∑
B∈B
inf
x∈B
eS1,nψ(x) : B is a finite subcover of
n−1∨
j=0
f−j1 (A)
}
and
pn(f1,∞, ψ,A) := inf
{∑
B∈B
sup
x∈B
eS1,nψ(x) : B is a finite subcover of
n−1∨
j=0
f−j1 (A)
}
.
Then, by [17, Proposition 2.1 and Remark 2.3 ], we have the following proposition.
Proposition 5.2. For NDS (X, f1,∞) and continuous potential ψ ∈ C(X,R):
(1) Ptop(f1,∞, ψ) = limǫ→0 lim supn→∞
1
n
logQn(f1,∞, ψ, ǫ).
(2) Ptop(f1,∞, ψ) = limk→∞ lim supn→∞
1
n
log qn(f1,∞, ψ,Ak), where Ak is a sequence of
open covers with diam(Ak)→ 0.
(3) Ptop(f1,∞, ψ) = limk→∞ limn→∞
1
n
log pn(f1,∞, ψ,Ak), where Ak is a sequence of open
covers with diam(Ak)→ 0.
(4) If A is an open cover of X, then limn→∞
1
n
log pn(f1,∞, ψ,A) exists and equals to
infn
1
n
log pn(f1,∞, ψ,A).
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Remark 5.3. We recall that Kawan [20] has generalized the above notions of topological
pressure to general situation (X1,∞, f1,∞) and defined its measure-theoretic counterpart. Also,
he obtained a variational inequality for pressure.
Now, we fix the NDS (X, f1,∞) and consider the topological pressure function Ptop(f1,∞, .)
as a function in the space C(X,R), with the norm defined by ‖ψ‖ = sup{|ψ(x)| : x ∈
X}. Then, similar to the case of autonomous dynamical systems we have the following
theorem about the properties of the topological pressure function. For simplicity, we denote
lim supn→∞
1
n
log Pn(f1,∞, ψ, ǫ) by P (f1,∞, ψ, ǫ).
Theorem 5.4. Let (X, f1,∞) be an NDS of continuous maps on a compact metric space X.
If ψ,ϕ ∈ C(X,R), ǫ > 0 and c ∈ R then the following are true.
(1) Ptop(f1,∞, 0) = htop(X, f1,∞).
(2) ϕ ≤ ψ implies Ptop(f1,∞, φ) ≤ Ptop(f1,∞, ψ). In particular, htop(X, f1,∞) + inf ψ ≤
Ptop(f1,∞, ψ) ≤ htop(X, f1,∞) + supψ.
(3) Ptop(f1,∞, .) is either finite valued or constantly ∞.
(4) |P (f1,∞, ψ, ǫ) − P (f1,∞, ϕ, ǫ)| ≤ ‖ψ − ϕ‖. Therefore, if Ptop(f1,∞, .) < ∞, then
|Ptop(f1,∞, ψ)− Ptop(f1,∞, ϕ)| ≤ ‖ψ − ϕ‖.
(5) P (f1,∞, ., ǫ) is convex, and so if Ptop(f1,∞, .) <∞, then Ptop(f1,∞, .) is convex.
(6) Ptop(f1,∞, ψ + c) = Ptop(f1,∞, ψ) + c.
(7) Ptop(f1,∞, ψ + ϕ) ≤ Ptop(f1,∞, ψ) + Ptop(f1,∞, ϕ).
(8) Ptop(f1,∞, cψ) ≤ cPtop(f1,∞, ψ) if c ≥ 1, Ptop(f1,∞, cψ) ≥ cPtop(f1,∞, ψ) if c ≤ 1.
(9) |Ptop(f1,∞, ψ)| ≤ Ptop(f1,∞, |ψ|).
Proof. The proof is similar to the case of autonomous systems (for detailed proof see [36,
Theorem 9.7] and [35]). But, for the sake of completeness, we sketch a quick proof of part
(4). Indeed, let (ai) and (bi) be collections of positive real numbers, then it is folklore that
we have the following simple inequality
(15)
sup ai
sup bi
≤ sup
(ai
bi
)
.
Now, by the definition of topological pressure and inequality (15), we deduce that
Pn(f1,∞, ψ, ǫ)
Pn(f1,∞, ϕ, ǫ)
=
sup
{∑
x∈E e
S1,nψ(x) : E is an (n, ǫ; f1,∞)-separated set for X
}
sup
{∑
x∈E e
S1,nϕ(x) : E is an (n, ǫ; f1,∞)-separated set for X
}
≤ sup
{∑
x∈E e
S1,nψ(x)∑
x∈E e
S1,nϕ(x)
: E is an (n, ǫ; f1,∞)-separated set for X
}
≤ sup
{
max
x∈E
eS1,nψ(x)
eS1,nϕ(x)
: E is an (n, ǫ; f1,∞)-separated set for X
}
≤ en‖ψ−ϕ‖,
which proves the part (4). 
5.1. Thermodynamics of expansive NDSs. In this section, we study the thermodynamic
properties of expansive NDSs and uniformly Ruelle-expanding NDSs. First, we introduce a
special class of continuous potentials and provide another formula to compute the topological
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pressure of this class of continuous potentials (Proposition 5.6). Then we obtain conditions
under which the topological entropy and topological pressure of any continuous potential can
be computed as a limit at a definite size scale (Theorem 5.8). Finally, we prove a strong
regularity of the topological pressure function (Theorem 5.13).
Given ǫ > 0, i, n ∈ N, we say that an open cover U of X is a (i, n, ǫ)-cover if any open set
U ∈ U has di,n-diameter smaller than ǫ, where di,n is the Bowen-metric introduced in (1).
To obtain another characterization of the topological pressure using these covers, we need
continuous potentials satisfying a regularity condition. Given ǫ > 0, i, n ∈ N and ψ ∈ C(X,R)
we define the variation of Si,nψ on dynamical balls of radius ǫ by
Vari,n(ψ, ǫ) := sup
di,n(x,y)<ǫ
|Si,nψ(x) − Si,nψ(y)|.
We say that potential ψ has uniform bounded variation on dynamical balls of radius ǫ if
there exists C > 0 so that
(16) sup
n
Var1,n(ψ, ǫ) ≤ C.
The potential ψ has the uniformly bounded variation property whenever there exists ǫ > 0
so that ψ has uniform bounded variation on dynamical balls of radius ǫ. Note that equation
(16) is the counterpart of Bowen’s condition to NDSs, see [38, 13].
In the next lemma we prove that Ho¨lder continuous potentials have uniformly bounded
variation property for uniformly Ruelle-expanding NDSs.
Lemma 5.5. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS with uniform expansion
factor σ and injectivity constant ρ. Then any Ho¨lder continuous potential ψ satisfies the
uniformly bounded variation property.
Proof. Let ψ be a (K,α)-Ho¨lder continuous potential, i.e. |ψ(x) − ψ(y)| ≤ Kd(x, y)α for all
x, y ∈ X. Then by relation (9) for any 0 < ǫ < ρ, n ∈ N and x, y ∈ X with d1,n(x, y) < ǫ we
have
|S1,nψ(x)− S1,nψ(y)| =
∣∣∣∣∣
n−1∑
j=0
ψ(f j1 (x))−
n−1∑
j=0
ψ(f j1 (y))
∣∣∣∣∣ ≤
n−1∑
j=0
|ψ(f j1 (x))− ψ(f
j
1 (y))|
≤
n−1∑
j=0
Kd(f j1 (x), f
j
1 (y))
α ≤
n−1∑
j=0
Kσ(j−n)αd(fn1 (x), f
n
1 (y))
α
=
K
1− σ−α
ǫα.
Hence, it is enough to take C =
K
1− σ−α
ǫα in relation (16), as we wanted to prove. 
In the following proposition, we provide another formula for the topological pressure of an
NDS for the class of continuous potentials having the uniformly bounded variation property.
Proposition 5.6. Let (X, f1,∞) be an NDS and ψ : X → R be a continuous potential with
the uniformly bounded variation property. Then
Ptop(f1,∞, ψ) = lim
ǫ→0
lim sup
n→∞
1
n
log
(
inf
U
∑
U∈U
eS1,nψ(U)
)
,
where the infimum is taken over the (1, n, ǫ)-covers U of X.
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Proof. By hypothesis let ǫ0 > 0 be so that ψ has the uniform bounded variation on dynamical
balls of radius ǫ0. Take ǫ > 0 and n ∈ N, without loss of generality we assume that 2ǫ < ǫ0.
For simplicity, we denote infU
∑
U∈U e
S1,nψ(U) by Cn(f1,∞, ψ, ǫ), where the infimum is taken
over the (1, n, ǫ)-covers U of X. Given an (n, ǫ; f1,∞)-maximal separated set E, it follows that
U := {B(x, 1, n, ǫ)}x∈E is a (1, n, 2ǫ)-cover. By the uniformly bounded variation property for
some constant C > 0, we deduce that
S1,nψ(B(x, 1, n, ǫ)) = sup
z∈B(x,1,n,ǫ)
S1,nψ(z) ≤ S1,nψ(x) + C.
Consequently,
(17) lim sup
n→∞
1
n
logCn(f1,∞, ψ, 2ǫ) ≤ lim sup
n→∞
1
n
logPn(f1,∞, ψ, ǫ).
On the other hand, if U is a (1, n, ǫ)-cover, then for any (n, ǫ; f1,∞)-separated set E we have
N (E) ≤ N (U), since the diameter of any U ∈ U in the metric d1,n is less than ǫ. By the
uniformly bounded variation property, we get that
(18) lim sup
n→∞
1
n
log Pn(f1,∞, ψ, ǫ) ≤ lim sup
n→∞
1
n
logCn(f1,∞, ψ, ǫ).
Now, combining equations (17) and (18), we have
lim sup
n→∞
1
n
logPn(f1,∞, ψ, ǫ) ≤ lim sup
n→∞
1
n
logCn(f1,∞, ψ, ǫ)
≤ lim sup
n→∞
1
n
logPn(f1,∞, ψ,
ǫ
2
).
This finishes the proof of the proposition. 
By the previous results, the topological pressure of an NDS can be computed as the limiting
complexity of the NDS as the size scale ǫ approaches zero. In what follows, we will be mostly
interested in providing conditions for the topological pressure of an NDS to be computed as
a limit at a definite size scale. Hence, we begin with the following definition.
Definition 5.7 (∗-expansivity). An NDS (X, f1,∞) is called strongly δ-expansive for some
δ > 0 if for any γ > 0 and any x, y ∈ X with d(x, y) ≥ γ, there exists k0 ≥ 1 (depending
on γ) such that di,n(x, y) > δ for each i, n ∈ N with n ≥ k0. Also, an NDS is said to be
∗-expansive if it is strongly δ-expansive for some δ > 0.
Now, we prove that the topological entropy and topological pressure of any continuous
potential of an ∗-expansive NDS can be computed as the topological complexity that is
observable at a definite size scale. More precisely, we have the following theorem.
Theorem 5.8. Let (X, f1,∞) be a strongly δ-expansive NDS for some δ > 0. Then, for every
continuous potential ψ ∈ C(X,R) and every 0 < ǫ < δ,
Ptop(f1,∞, ψ) = lim sup
n→∞
1
n
log Pn(f1,∞, ψ, ǫ).
In particular,
htop(X, f1,∞) = lim sup
n→∞
1
n
log sn(f1,∞; ǫ).
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Proof. Since X is compact and ψ is continuous, without loss of generality, we assume that
ψ is non-negative. Fix γ and ǫ with 0 < γ < ǫ < δ. We use the definition of topological
pressure in terms of separated sets to get the following inequality
lim sup
n→∞
1
n
log Pn(f1,∞, ψ, γ) ≥ lim sup
n→∞
1
n
logPn(f1,∞, ψ, ǫ).
Hence, it suffices to show that
lim sup
n→∞
1
n
log Pn(f1,∞, ψ, γ) ≤ lim sup
n→∞
1
n
logPn(f1,∞, ψ, ǫ).
By the definition of strongly δ-expansivity, for any two distinct points x, y ∈ X with
d(x, y) ≥ γ, there exists k0 ≥ 1 (depending on γ) such that di,n(x, y) > δ for each i, n ∈ N
with n ≥ k0. Take n ≥ 1 and k ≥ k0. Given any (n, γ; f1,∞)-separated set E, we claim that
the set E is (n + k, ǫ; f1,∞)-separated. In fact, given x, y ∈ E there exists a 0 ≤ j ≤ n so
that d(f j1 (x), f
j
1 (y)) > γ. Using that n+ k − j ≥ k0 and definition of strongly δ-expansivity,
it follows that dj+1,n+k−j(f
j
1 (x), f
j
1 (y)) > δ > ǫ. This implies that d1,n+k(x, y) > ǫ. Hence,
E is (n+ k, ǫ; f1,∞)-separated which completes the proof of the claim. Now, using that ψ is
non-negative, we can conclude that
eS1,n+kψ(x) = eS1,nψ(x)eSn+1,kψ(f
n
1
(x)) ≥ eS1,nψ(x).
Consequently,
Pn(f1,∞, ψ, γ) ≤ Pn+k(f1,∞, ψ, ǫ).
Hence
lim sup
n→∞
1
n
logPn(f1,∞, ψ, γ) ≤ lim sup
n→∞
1
n+ k
log Pn+k(f1,∞, ψ, ǫ)
≤ lim sup
n→∞
1
n
logPn(f1,∞, ψ, ǫ),
which implies that
Ptop(f1,∞, ψ) = lim sup
n→∞
1
n
log Pn(f1,∞, ψ, ǫ).
The second part is a direct consequence of part (1) of Theorem 5.4. This finishes the proof
of the theorem. 
Remark 5.9. We observe that the conclusion of Theorem 5.8 also holds if we consider open
covers instead of separated sets. More precisely, assume that NDS (X, f1,∞) is strongly δ-
expansive for some δ > 0. Then, for every continuous potential ψ : X → R with the uniform
bounded variation on dynamical balls of radius ǫ0 and every 0 < ǫ < min{δ, ǫ0/2},
Ptop(f1,∞, ψ) = lim sup
n→∞
1
n
log
(
inf
U
∑
U∈U
eS1,nψ(U)
)
,
where the infimum is taken over the (1, n, ǫ)-covers U of X.
In the following lemma we introduce a special class of NDSs with ∗-expansive property.
Lemma 5.10. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS with uniform expansion
factor σ and injectivity constant ρ. Then the NDS (X, f1,∞) is ∗-expansive.
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Proof. By assumption, all inverse branches of fn, for each n ≥ 1, are defined in balls of
radius ρ and they are σ−1 contraction. For given γ > 0, take k0 ≥ 1 (depending on γ) so
that σ−k0ρ < γ. We claim that for any x, y ∈ X with d(x, y) > γ and i, n ∈ N with n ≥ k0
we have di,n(x, y) > ρ, i.e. NDS (X, f1,∞) is strongly ρ-expansive. Assume, by contradiction,
that there exist i, n ∈ N with n ≥ k0 such that di,n(x, y) < ρ. Then, by relation (9) we have
di,j(x, y) ≤ σ
j−ndi,n(x, y) for every 0 ≤ j ≤ n. So d(x, y) ≤ σ
−ndi,n(x, y) < σ
−nρ ≤ σ−k0ρ <
γ, which is a contradiction. This finishes the proof of the lemma. 
The next result is a consequence of the Theorem 5.8, Remark 5.9 and Lemma 5.10.
Corollary 5.11. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS with uniform expansion
factor σ and injectivity constant ρ. Then, for every continuous potential ψ and every 0 <
ǫ < ρ,
Ptop(f1,∞, ψ) = lim sup
n→∞
1
n
logPn(f1,∞, ψ, ǫ) and htop(X, f1,∞) = lim sup
n→∞
1
n
log sn(f1,∞; ǫ).
Additionally, for every continuous potential ψ : X → R with the uniform bounded variation
on dynamical balls of radius ǫ0 and every 0 < ǫ < min{ρ, ǫ0/2},
Ptop(f1,∞, ψ) = lim sup
n→∞
1
n
log
(
inf
U
∑
U∈U
eS1,nψ(U)
)
,
where the infimum is taken over the (1, n, ǫ)-covers U of X.
In the rest of this section, we study the Lipschitz regularity of the topological pressure
function. Hence, we begin with the following proposition that provide a condition under
which the topological pressure can be computed as a limit.
Proposition 5.12. Let (X, f1,∞) be an NDS and ψ : X → R be a continuous potential.
Given ǫ > 0, the limit superior
lim sup
n→∞
1
n
log
(
inf
U
∑
U∈U
eS1,nψ(U)
)
is indeed a limit, where the infimum is taken over the (1, n, ǫ)-covers U of X.
Proof. This is a direct consequence of part (4) of Proposition 5.2. Indeed, for every ǫ > 0, it
is enough to take A := {B(x, ǫ) : x ∈ X}, where B(x, ǫ) is the open ball with center x and
radius ǫ. 
Theorem 5.13. Let (X, f1,∞) be a strongly δ-expansive NDS for some δ > 0, and let ψ :
X → R be a continuous potential with the uniformly bounded variation property. Then the
following properties hold:
(1) the pressure function t 7→ Ptop(f1,∞, tψ) is an uniform limit of differentiable maps;
(2) t 7→ Ptop(f1,∞, tψ) is differentiable Lebesgue-almost everywhere.
Proof. To prove we apply the approach used by Rodrigues and Varandas [28, Theorem 27]
which deals with finitely generated semigroup actions to our setting. By hypothesis let ǫ0 > 0
be so that ψ has uniform bounded variation on dynamical balls of radius ǫ0. By Remark 5.9,
for any 0 < ǫ < min{δ, ǫ0/2} we have
Ptop(f1,∞, ψ) = lim sup
n→∞
1
n
log
(
inf
U
∑
U∈U
eS1,nψ(U)
)
,
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where the infimum is taken over the (1, n, ǫ)-covers U of X. Also, by Proposition 5.12, the
right hand side of above equality is actually a true limit. Thus, for any t ∈ R we have that
Ptop(f1,∞, tψ) = lim
n→∞
1
n
log
(
inf
U
∑
U∈U
etS1,nψ(U)
)
,
where the infimum is taken over the (1, n, ǫ)-covers U of X for any 0 < ǫ < min{δ, ǫ0/2}. It
means that the map t 7→ Ptop(f1,∞, tψ) is a pointwise limit of real analytic functions. We
show that the convergence is uniform. To prove this we will prove that the sequence of real
functions
(
Pn(tψ)
)
n≥1
defined by
t 7→ Pn(tψ) :=
1
n
logCn(f1,∞, tψ, ǫ),
where
Cn(f1,∞, tψ, ǫ) = inf
U
∑
U∈U
etS1,nψ(U)
and the infimum is taken over the (1, n, ǫ)-covers U of X is equicontinuous in compact in-
tervals. This means that given ǫ > 0 there exists δ′ > 0 such that if |t1 − t2| < δ
′ then
|Pn(t1ψ) − Pn(t2ψ)| < ǫ, for every n ∈ N. In what follows assume ǫ > 0 is fixed and let
0 < δ′ < ǫ/‖ψ‖. Given t1, t2 arbitrary with |t1 − t2| < δ
′, we get
|Pn(t1ψ)− Pn(t2ψ)| =
1
n
log
[
infU
∑
U∈U e
t1S1,nψ(U)
infU
∑
U∈U e
t2S1,nψ(U)
]
≤
1
n
log
[
enδ
′‖ψ‖ infU
∑
U∈U e
t2S1,nψ(U)
infU
∑
U∈U e
t2S1,nψ(U)
]
= δ′‖ψ‖ < ǫ.
Thus the sequence
(
Pn(tψ)
)
n≥1
is equicontinuous. Since
(
Pn(tψ)
)
n≥1
converges pointwise,
we have that the sequence converges uniformly on compact intervals and so the map t 7→
Ptop(f1,∞, tψ) is continuous. Furthermore, for any n ∈ N the function t 7→ Pn(ψ + tϕ) is
differentiable and∣∣∣dPn(ψ + tϕ)
dt
∣∣∣ = 1
Cn(f1,∞, ψ + tϕ, ǫ)
1
n
(
inf
U
∑
U∈U
S1,nϕ(U)e
S1,n(ψ+tϕ)(U)
)
is bounded from above by ‖ϕ‖, where ϕ : X → R is a continuous potential with the uniformly
bounded variation property and the infimum is taken over the (1, n, ǫ)-covers U of X. This
proves property (1). Moreover, by the mean value inequality
|Pn(ψ) − Pn(ϕ)| ≤ sup
0≤t≤1
∣∣∣dPn(ψ + t(ϕ− ψ))
dt
∣∣∣ ≤ ‖ψ − ϕ‖.
Taking n → ∞ we get that |Ptop(f1,∞, ψ) − Ptop(f1,∞, ϕ)| ≤ ‖ψ − ϕ‖ (note that, this is
another proof of part (4) of Theorem 5.4) and so the pressure function Ptop(f1,∞, .) acting
on the space of potentials with uniformly bounded variation property is Lipschitz continuous
with Lipschitz constant equal to one. On the other hand, Lipschitz functions on the real line
are differentiable almost everywhere. Using these facts, we deduce that t 7→ Ptop(f1,∞, tψ) is
Lebesgue-almost everywhere differentiable, which completes the proof of the theorem. 
The next corollary is a consequence of the Theorem 5.13 and Lemma 5.10.
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Corollary 5.14. Let (X, f1,∞) be a uniformly Ruelle-expanding NDS and ψ : X → R be
a continuous potential with the uniformly bounded variation property. Then the following
properties hold:
(1) the pressure function t 7→ Ptop(f1,∞, tψ) is an uniform limit of differentiable maps;
(2) t 7→ Ptop(f1,∞, tψ) is differentiable Lebesgue-almost everywhere.
6. Applications
In this section, we provide several examples of uniformly Ruelle-expanding NDSs that
satisfies the specification and ∗-expansive properties (Examples 6.1, 6.2, 6.3 and 6.4). Conse-
quently, they have positive topological entropy and all points are entropy point. In particular,
they are topologically chaotic. Moreover, we give an example illustrates that no element of
an NDS need to have uniform expansion factor for the NDS to have the specification property
(Example 6.5). Finally, as an application of Corollary 3.8, we provide an example which does
not have the specification property (Example 6.6).
Example 6.1. Let X = {1, 2, . . . , d} and A = (aij) be a d by d transition matrix, i.e. a
square matrix of dimension d ≥ 2 such that (i) aij = 0, 1 for all i and j, (ii)
∑
j aij ≥ 1 for
all i, and (iii)
∑
i aij ≥ 1 for all j. Consider the subset ΣA of Σ = X
N consisting of all the
sequences (xn)n ∈ Σ that are A-admissible, meaning that axnxn+1 = 1 for every n ∈ N. It is
clear that ΣA is invariant under the shift map σ : Σ→ Σ (defined by (σx)n = xn+1 for each
x = (xn)n ∈ Σ) in the sense that σ(ΣA) = ΣA. Note also that ΣA is closed in Σ, and so it is
a compact metric space. The restriction σA : ΣA → ΣA of the shift map σ : Σ → Σ to this
invariant set is called one-sided subshift of finite type associated with A. Consider in ΣA the
distance defined by
d((xn)n, (yn)n) := 2
−N , where N := inf{n ∈ N : xn 6= yn}.
Then, σmA is an expanding map for every m ≥ 1, see [35, Example 11.2.4].
Now, let A be an eventually positive transition matrix, i.e. there exists a k ≥ 1 which is
independent of i and j such that (Ak)ij > 0 for all i and j, and let B be a non-empty finite
set of positive integers. Set B := {σmA : m ∈ B}. Then, each NDS (ΣA, f1,∞) with fn ∈ B is a
uniformly Ruelle-expanding NDS, and so it has the shadowing property. On the other hand,
the NDS (ΣA, f1,∞) satisfies the topologically mixing property, because σA as an autonomous
dynamical system is topologically mixing on ΣA and f
n
1 = σ
sn
A for some sn ≥ 1 and all n ≥ 1.
Hence, by Theorem 4.14 and Lemma 5.10, the NDS (ΣA, f1,∞) satisfies the specification and
∗-expansive properties.
Example 6.2. Let fA : T
d → Td be the linear endomorphism of the torus Td = Rd/Zd
induced by some matrix A with integer coefficients and determinant different from zero.
Assume that all the eigenvalues λ1, λ2, . . . , λd of A are larger than 1 in absolute value. Then,
given any 1 < σ < inf i |λi|, there exists an inner product in R
d relative to which ||Av|| ≥ σ||v||
for every v ∈ Rd. This shows that the transformation fA is expanding, see [35, Example
11.1.1].
Now, let A be a non-empty finite set of different matrices enjoying the above conditions.
Then, by Remark 4.8, each NDS (Td, f1,∞) with fn ∈ {fA : A ∈ A} is a uniformly Ruelle-
expanding NDS with the topologically exact property. Hence, by Theorem 4.5 and Lemma
5.10, the NDS (Td, f1,∞) enjoys the specification and ∗-expansive properties.
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Example 6.3. Let A be a non-empty finite set of positive integers k > 1 and S1 = R/Z.
Consider the set A = {fk : S
1 → S1 : fk(x) = kx (mod 1), k ∈ A}. Then, by Remark 4.8,
each NDS (S1, f1,∞) with fn ∈ A is a uniformly Ruelle-expanding NDS with the topologically
exact property. Hence, by Theorem 4.5 and Lemma 5.10, the NDS (S1, f1,∞) satisfies the
specification and ∗-expansive properties.
Example 6.4. Consider the NDS (S1, f1,∞) on the unit circle S
1 in which fn : S
1 → S1
defined by fn(e
iθ) := ei
2n+1
n
θ. It is clear that the NDS (S1, f1,∞) is a uniformly Ruelle-
expanding NDS and satisfies the topologically exact property (note that S1 is a geodesic
space). Hence, by Theorem 4.5 and Lemma 5.10, the NDS (S1, f1,∞) satisfies the specification
and ∗-expansive properties.
The next example illustrates that no element of a NDS need to have uniform expansion
factor for the NDS to have the specification property.
Example 6.5. For positive constant 0 < α < 1 the Pomeau-Manneville map fα : [0, 1] →
[0, 1] given by
fα(x) =
{
x+ 2αx1+α if 0 ≤ x ≤ 1/2,
2x− 1 if 1/2 < x ≤ 1.
Although fα is not continuous, it induces a continuous and topologically mixing circle map
f˜α taking S
1 = [0, 1]/ ∼ with the identification 0 ∼ 1.
Now, let us take 0 < β < 1 and the family of real numbers {αn : 0 < β < αn < 1}.
Let (S1, f1,∞) be an NDS in which fn := f˜αn for all n ≥ 1. Note that no element of
the sequence f1,∞ is an expanding map. We claim that the NDS (S
1, f1,∞) satisfies the
specification property. First, we observe that for every x ∈ S1, ǫ > 0, k ∈ N and n ≥
0 the (n + 1)-dynamical ball B(x, k, n, ǫ) satisfes fnk (B(x, k, n, ǫ)) = B(f
n
k (x), ǫ). Second,
although fn is not uniformly expanding, it enjoys the following scaling property: given δ > 0,
diam(fn([0, δ])) ≥
δ
2 +
δ
2 [1 + (1 + β)δ
β ] = cδdiam([0, δ]) and diam(fn(I)) ≥ σδdiam(I) for
every ball I ⊂ S1 of diameter larger or equal to δ, where cδ := (1 + δ(1 + β)δ
β) > 1 and
σδ > 1 (depending on δ). Here, we use f
′
αn
(x) ≥ (1 + (1 + β)2βxβ) ≥ (1 + (1 + β)δβ) for
every x ∈ [ δ2 ,
1
2 ] and f
′
αn
(x) = 2 for every x ∈ (12 , 1], see [28, Example 32]. Using the previous
expression recursively, we deduce that there exists Nδ > 0 such that for each k ≥ 1 and
n ≥ Nδ one has that f
n
k (B(x, δ)) = S
1, for each x ∈ S1. This means that the NDS (S1, f1,∞)
has the topologically exact property. Thus, we can apply the approach used in the proof of
Theorem 4.5 to conclude the NDS (S1, f1,∞) has the specification property. Consequently,
the NDS (S1, f1,∞) has positive topological entropy and all points are entropy point. In
particular, it is topologically chaotic.
As an application of Corollary 3.8 we give the following example.
Example 6.6. Let I = [0, 1] and g(x) = |1 − |3x − 1||. Take a sequence of points 0 =
a1 < b1 = a2 < b2 = · · · = an < bn = · · · converging to 1. Define φ ∈ C(I, I) such that
φ|[an,bn] = σ
−1
n ◦ g
n ◦ σn for each n ≥ 1, where σn is the unique increasing affine map from
[an, bn] onto [0, 1]. Let
fn(x) =
{
φ(x) if x ∈ [an, bn],
x if x ∈ I \ [an, bn].
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Then (I, f1,∞) is an NDS of surjective maps and htop(I, fn,∞) = 0 for every n ≥ 1, see [23,
Figure 6a and comments]. Consequently, h∗(I, f∞) = 0. Hence, by Corollary 3.8, the NDS
(I, f1,∞) does not have the specification property.
Acknowledgements
The authors would like to thank the respectful referee for his/her comments on the man-
uscript.
References
[1] Adler, R., Konheim, A., McAndrew, M.: Toplogical entropy. Trans. Am. Math. Soc. 114, 309–319 (1965)
[2] Barreira, L., Valls, C.: Stability of nonautonomous differential equations. Lecture notes in mathematics,
vol. 1926. Springer-Verlag, Berlin Heidelberg (2008)
[3] Bis, A.: An analogue of the variational principle for group and pseudogroup actions. Ann. Inst. Fourier
(Grenoble). 63(3), 83–863 (2013)
[4] Block, L.S., Coppel, W.A.: Dynamics in one dimension. Lecture notes in nathematics, vol. 1513. Springer-
Verlag, Berlin Heidelberg (1992)
[5] Block, L., Guckenheimer, J., Misuirewicz, M., Young, L.S.: Periodic orbits and topological entropy of
one-dimensional maps. Global theory of dynamical systems, Lecture notes in mathematics, vol. 819,
Springer-Verlag, New York (1980)
[6] Bowen, R.: Topological entropy and axiom A, Global analysis. Proc. Symp. Pure Math. 14, 23–41 (1970)
[7] Bowen, R.: Entropy for group endomorphisms and homogenuous spaces. Trans. Am. Math. Soc. 153
401–414 (1971)
[8] Bowen, R.: Periodic points and measures for Axiom A diffeomorphisms. Trans. Am. Math. Soc. 154,
377–397 (1971)
[9] Bowen, R.: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture notes in
mathematics, vol. 470. Springer (1975)
[10] Carvalho, M., Rodrigues, F.B., Varandas, P.: Semigroup actions of expanding maps. J. Stat. Phys. 166,
114–136 (2017)
[11] Castro, A., Rodrigues, F.B., Varandas, P.: Stability and limit theorems for sequences of uniformly hy-
perbolic dynamics. https://arxiv.org/abs/1709.01652 (2017)
[12] Castro, A., Rodrigues, F.B., Varandas, P.: Leafwise shadowing property for partiallly hyperbolic diffeo-
morphisms, Submitted (2017)
[13] Cioletti, L., Lopes, A.O.: Ruelle Operator for Continuous Potentials and DLR-Gibbs Measures.
https://arxiv.org/pdf/1608.03881 (2016)
[14] Downarowciz, T.: Positive topological entropy implies chaos DC2. Proc. Am. Math. Soc. 142(1), 137–149
(2014)
[15] Goodwyn, L.W.: Topological entropy bounds and measure-theoretic entropy. Proc. Am. Math. Soc. 23,
679–688 (1969)
[16] Goodman, T.N.T.: Relating to entropy and measure entropy. Bull. London Math. Soc. 3, 176–180 (1971)
[17] Huang, X., Wen, X., Zeng, F.: Topological pressure of nonautonomous dynamical systems. Nonlinear
Dyn. Syst. Theory. 8(1), 43–48 (2008)
[18] Ito, S.: An Estimate from above for the Entropy and the topological entropy of a C1 diffeomorphism.
Proc. Jpn. Acad. 46, 226–230 (1970)
[19] Kawan, C.: Metric entropy of nonautonomous dynamical systems. Nonauton. Stoch. Dyn. Syst. 1, 26–52
(2013)
[20] Kawan, C.: Expanding and expansive time-dependent dynamics. Nonlinearity. 28, 669–695 (2015)
[21] Kawan, C., Latushkin, Y.: Some results on the entropy of non-autonomous dynamical systems. Dynamical
Systems. 28, 1–29 (2015)
[22] Kloeden, P.E., Rasmussen, M.: Nonautonomous dynamical systems. Mathematical surveys and mono-
graphs, vol. 176. American Mathematical Society (2011)
[23] Kolyada, S., Snoha, L.: Topological entropy of nonautonomous dynamical systems. Random Comput.
Dyn. 4, 205–233 (1996)
SPECIFICATION AND THERMODYNAMIC PROPERTIES OF TOPOLOGICAL NDSS 25
[24] Manning, A.: Topological entropy and the first homology group. In dynamical systems, Warwick, 1974,
vol. 468 of lecture notes in mathematics, Springer-Verlag, 185–190 (1975)
[25] Memarbashi, R., Rasuli, H.: Notes on the dynamics of nonautonomous discrete dynamical systems.
Journal of Advanced Research in Dynamical and Control Systems. 6(2), 8–17 (2014)
[26] Misiurewicz, M., Przytycki, F.: Topological entropy and degree of smooth mappings. Bull. Acad. Pol.
Sci. Math. Astron. Phys. 25, 573–574 (1977)
[27] Ott, W., Stendlund, M., Young, L.S.: Memory loss for time-dependent dynamical systems. Math. Res.
Lett. 16, 463–475 (2009)
[28] Rodrigues, F.B., Varandas, P.: Specification and thermodynamical properties of semigroup actions. Math.
Phy. 57, 052704 (2016)
[29] Ruelle, D.: Statistical mechanics on a compact set with Zν action satisfying expansiveness and specifica-
tion. Trans. Am. Math. Soc. 185, 237–251 (1973)
[30] Ruelle, D.: A measure associated with axiom A attractors. Am. J. Math. 98, 619–654 (1976)
[31] Ruelle, D., Sinai, Y.G.: From dynamical systems to statistical mechanics and back. Physica A: Statistical
Mechanics and its Applications. 140(1-2), 1–8 (1986)
[32] Ruelle, D.: Thermodynamic formalism. Addison-Wesley, Reading (1978)
[33] Sinai, Y.G.: Gibbs measures in ergodic theory. Russian Math. Surveys. 27, 21–69 (1972)
[34] Thakkar, D., Das, R.: Topological stability of a sequence of maps on a compact metric space. Bull. Math.
Sci. 4, 99–111 (2014)
[35] Viana, M., Oliveira, K.: Foundations of ergodic theory. Cambridge university press (2016)
[36] Walters, P.: An introduction to ergodic theory. Graduate texts in mathematics, vol. 79. Spinger, New
York and Berlin (1982)
[37] Walters, P.: A variational principle for the pressure of continuous transformations. Am. J. Math. 97,
937–971 (1975)
[38] Walters, P.: Convergence of the Ruelle operator for a function satisfying Bowens condition. Trans. Am.
Math. Soc. 353(1), 327–347 (2000)
Department of Mathematics, Ferdowsi University of Mashhad, Mashhad, IRAN.
E-mail address: javad.nazariansarkooh@gmail.com
Department of Mathematics, Ferdowsi University of Mashhad, Mashhad, IRAN.
E-mail address: ghane@math.um.ac.ir
